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Abstract

Let M be an n dimensional complete Riemannian manifold satisfying the doubling
volume property and an on-diagonal heat kernel estimate. The necessary-sufficient
condition for the Sobolev inequality || fllq < Cn,,v,p,a(IVFllo + 11 fllp) (2 <p < g < 00)
is given.

Keywords Sobolev inequality, Complete manifold, Riesz transform, Potential, Heat

kernel
2000 MR Subject Classification 46E35, 53C25

§1. Introduction

Let M be an n dimensional complete Riemannian manifold, p be the geodesic distance
on M, and du be Riemannian measure. Denote by B(x,r) the geodesic ball of center z € M
and radius r > 0, and by V(z,r) its Riemannian volume.

One says that M satisfies the doubling volume property if there exists a constant Dy
such that

V(z,2r) < DoV (x,r), Vee M, r>0. (1.1)

We denote v = log, Dy.
Let A be the Laplace-Beltrami operator on M, H(x,y,t) be the heat kernel on M.
Using the boundedness of the potential (I + (—A)2)~! and the Riesz transform, Li [1]
obtained that for 1 < p < ¢ < 0o, the Sobolev inequality

1£llg < Crpa(IVFllp + [1£1lp),  Vf € HY (M) (1.2)

holds on a complete manifold with non-negative Ricci curvature if and only if

inf V(z,1) >0,
xeM
<

_1
n

IN

1 1
q P’

S =

Manuscript received October 10, 2003.
*Department of Mathematics, Zhejiang University, Hangzhou 310027, China;
School of Mathematical Sciences, Fudan University, Shanghai 200433, China.
E-mail: mathdreamcn@yahoo.com.cn
**Project supported by the National Natural Science Foundation of China (No0.10271107), the 973 Project
of the Ministry of Science and Technology of China (No.G1999075105) and the Zhejiang Provincial
Natural Science Foundation of China (No.RC97017).



652 WANG, M.

In this note, we replace the condition Ricci M > 0 by the doubling volume property and
an upper bounds for the heat kernel. We obtain the following result:

Theorem 1.1. Let M be an n dimensional complete Riemannian manifold satisfying
the doubling volume property (1.1) and the heat kernel H(x,y,t) at M satisfies

C
H(z,x,t) < W’

for some C > 0. Then for 2 < p < q < 00, the Sobolev inequality
1fllg < CrnwpaIVFllp +11fllp),  Vf € H(M) (1.4)

holds for some constant Cy, . pq > 0 if and only if

VYee M, t>0 (1.3)

Our assumption on M, apart from the doubling volume property, is the heat kernel
estimate (1.3). From this on-diagonal estimate, the corresponding off-diagonal estimate
automatically follows (see [5, Theorem 1.1]): for any a € (0, 1),

2
Ca _al («tuy)

H(z,y,t) < e T, Ve,ye M, t >0 (1.5)
V(@ VOV (y, Vi)

for some C, > 0.
With the doubling volume property, this implies that for any « € (0, %),

C/
H ) 7t Sia
(z,y,1) Vv ©

for some C! > 0. Indeed B(y,v/t) C B(x,\/t+ p(x,y)). Now an obvious consequence of the
doubling volume property is

V(z,0r) < Dob"V (z,r), Vo> 1. (1.7)

2 (5
—_al (f,y)

(1.6)

Therefore

V0 VD) < Vi o) < o1+ 250) ViR

and the estimate follows.
In fact, we should have v > n. Since lim Y% =, > 0, we have (see (1.7))

r—o0 "
Vx,1)r?
Dy

Example 1.1. The assumptions of Theorem 1.1 are satisfied on manifolds where a
parabolic Harnack principle holds (see [6, Chapter 5]).

It is easy to construct manifolds that satisfy the assumptions of Theorem 1.1, but where
the parabolic Harnack principle is false. A typical example is the following (see [3]) : take
two copies of IR?\B(0,1), and glue them smoothly along the unit circles.

By [6, Theorem 5.6.4 and Theorem 5.6.5], we conclude that the parabolic Harnack prin-
ciple is satisfied on manifolds with non-negative Ricci curvature. Thus Theorem 1.1 is an
extension of the result in [1] when 2 < p < +o0.

<V(z,r) < Cpr™, r < 1.
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§2. Proof of Theorem 1.1

We consider the potential (I + (—A)2)~!. For 1 < p < 0o and Vf € LP(M), we have

1

Tf 2 I+ (-A)2) / /M z,y,t) f(y)dydt, (2.1)

where P(z,y,t) is the Poisson kernel on M, i.e.,

P(z,y,t) / s ény, dS* / e~ 455 2H(xy, s)ds.
f f
Proposition 2.1. There exists some constant C, > 0 such that
ITflleanry < Collfllzeary, YV f € LP(M).

Proof. By Theorem 3.5 in [2], [,, H(z,y,t) < 1, so [,, P(2,y,t) < 1. Therefore T is
L? (1 < p < 00) bounded.

Next, we will show that T is also bounded from LP(M) to LY(M) for % — L =1 Tet

z,9) \f/ 4/ e~ 465 2H (z,y, s)dsdt, (2.2)
(x,y) \f/ / e G 2H (z,y, s)dsdt, (2.3)
ka(z,y) = \f ; 4/ e s 2H(x y, s)dsdt, (2.4)

Tuf(@) 2 (14 (CADT @) = [ k(o) ),

Tof(@) 2 (14 (D5 @) = [ kol fw)dnts).

Clearly
k(xay) = kl(xvy) + kQ(‘ra y)7 (25)
Tf(@) = [ k) f0)duls) = Tof(@) + Tofa). (26)
M

First, we state the following two lemmas.

Lemma 2.1. Let M be a complete Riemannian manifold satisfying the same assumptions
of Theorem 1.1. Let inj{jV(m,l) =6>0, 1 <p<qg<oo, % = % - % Then Ty is of type
x€
(p,q), i.e. Th is bounded from LP(M) to LI(M).

Lemma 2.2. Let M be a complete Riemannian manifold satisfying the same assumptions
of Theorem 1.1. Let inf V(z,1)=0>0, 1<p<gqg<oo, + =211 Then Ty is of type
ceM ¢ p
(p. q).

Next, once we established Lemmas 2.1-2.2, with the (p, p) boundedness of T’ (see Propo-
sition 2.1) and Marcinkiewicz interpolation theorem (see [4] for example), we obtain
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Theorem 2.1. Let M be a complete Riemannian manifold satisfying the same assump-
tions of Theorem 1.1. Let 1 < p,q < oo, and inf V(x,1) >0, 1 -1 <L <Ll Thep T is
zeEM pn =P
of type (p.q).
Furthermore, we can get
Theorem 2.2. Let M be a complete Riemannian manifold satisfying the same assump-
tions of Theorem 1.1. Then for 2 < p < oo, there exists a constant Cy, , > 0, such that

(=22 flly < CopllVFlp — YfeCEM).

Proof. Let % + i = 1. Then for all g € C§°(M),

(A2 f,9) = (£, (~A)Eg) = (£, (~A)(-A)"%g) = (V,V(-A) g).

1

Since the Riesz transform V(—A)~2 is L” bounded for 1 < r < 2 (see [3, Theorem 1.1}),
[(=A)2 £, 9 < IVFIpIV(=2) 2 gl < CrpllVEllglly-
Thus [|(=A) fllp < Copl V£ lp-
Now we prove Lemmas 2.1-2.2. To this end, we give the following two lemmas which are
needed in the proof of Lemma 2.1.
0", 0<6<1,
0, 6 >1.

Lemma 2.3. For any a > 0, let g,(0) = { Then there exists a constant

Ch.q >0, such that

oh+1 t

Z e*%ga(ﬁ) < Cn’a/o Mdt. (2.7)

2t iy . . . .
5 ga(22) is a continuous and piecewise

Proof. One can easily see that A(¢t) = e
monotone function. Its maximum is obtained at

0, a < %,
m=
10822%‘1, a > %
For h > m — 1, we have
h 2k E htl t t m m
> e T ga(27) < / e” 5 ga(22)dt + e 5 g (27)
k=—o —o0
h+1 . . ’ 0 i .
< / €7 ga(27)dt + S / ~592% dt
—oo [0 e Fo%dr -
h+1 : s oh+1 t 7
< Orb,a ei?ga(Qg)dt <Cha g;(\[)dt (28)
oo 0
While for h <m — 1,
h . h+1 2h+1 _t
k t t 50a t
Do e T ga(25) < / ™% gq(28)dt < / %(\[)dt. (2.9)
o 0
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Combining (2.8) and (2.9), we get the conclusion.
For simplicity, we denote ¢g(6) = g, (6).

Lemma 2.4. Let M be a complete Riemannian manifold satisfying condition (1.1).
Then for anyx € M, 0 < s <1, and k>0,

2
02 (z,y \/§f€ 6,%{] L
[ e < v s [ atle
p(z,y)<k 0 P

Proof. Since

lim Vi,
t—0 tm

=Q, >0, (2.10)

there exists an ro > 0, such that ¢; < Y(&:)

r € (0,79] and 0 € (0,1),

< Cy for s € (0,79). Therefore for any

Vx,0r)

— < ", .
Ty <Gl (2.11)

On the other hand, for any r € (ro,1], 6 € (0,1),

V(z,0r)  V(x,0r) V(x,rg) V(x,0r) . .
Vi(x,r) B Vix,0rg) . V(x,r) . V(z,r0) < Do (7,0) 0" < Cp,0". (2.12)

V((g;e:)) Then it follows from (1.7), (2.11) and

For 6 € (0,00), we denote x(f) =  sup

zeM,0<r<1
(2.12) that x(0) < C,.,g(9).
Let h be selected such that 2"/s < k < 2"*1,/5. Thus

h

£ 2 (2,1
/ e p( /) < Z / 679 (55 /)dﬂ(y)
p(z,y)<k k= —o0 2% /5<p(a = s
h 2k k+1
< Z e T (V2,272 /s)—V(z,22/s))
k=—o0
h 2k k
<GV E) Y e T get), (213)
k=—o00
By Lemma 2.3,
5 V2k e*gjg(i)
/ e_p g?y) dﬂ(y) < Cn,uv(m7 \/g)/ Ve dp
p(z,y)<kK 0 p
And the lemma is proved.
Proof of Lemma 2.1. Let
0, p(z,y) < K,

ki(z,y),  plx,y) <k,
kii(z,y) =
0, p(x,y) > K,



656 WANG, M.

where k is to be determined.
Let

Ty f(a) = /M bia (@) @)duly),  Tisef(z) = /M 1 oo (2, 9) £ (0)du(y).

As long as we can show that T3 is of weak type (p,q), it is also of (p,q) by Marcinkiewicz
interpolation. To this aim, we need to prove

1

ple € M« [Ty f(2)| > 20} < Cmp,qwﬁv

(2.14)

where || f|, = 1.
Clearly

plr e M |Thf(x)|>22} <p{r e M |Thaf(x)|>A} +p{r € M |Th oo f(x)|>A}. (2.15)

By interpolation,

Tuaf @y < sup [ hateo)duo). (2.16)
xeM JM
By Lemma 2.4 and (1.6),
oo 1 EICE))
/ ki (z,y)du(y) </ te’t/ 6*5?23*%/ C " du(y)dsdt
1,1(z,y < s -
M 0 0 p(z,y)<k V(.’E, \/g)
2
+o0 1 2 V2K e*% P
t 9(L
< Chy / te™! / e —s72 / Jdpdsdt
0 0 4s 0 P
\/5/{ 1 e’} 1 2 2
< On,y/ 7/ te” / e EHsT e (i)dsdtdp
o PJo 0 Vs
V2K o) 0o
1 s sp2
< Cn,z// 7/ e_t/ e isTTe” >f29(p—\/§)dsdstdp
o prJo £2 t
V2r 0 Vs 2
1 s sp
< Cn,y/ 7/ efzs*%/ e’%‘ﬁg(—p\/g)dtdsdp
0 P Jo 0 t
V2K 0o 0o
1 S S 2
< CW/ 7/ e—Z/ e e 5 g(1) L didsdp.
0 P Jo 0 l

Since g(I) ~ 1" for I — 0%, and g(I) ~ I¥ for | — +o0,
/ k11(z,y)du(y) < Cp k. (2.17)
M
By (2.16) and (2.17),
P
p{z € M,|Ty 1 f(z)| > A} < Cn,uﬁ- (2.18)

On the other hand,

-

T @) < sup ([ Hcadut) ™ (219)

rzeM



SOBOLEV INEQUALITY 657
where 1% =1-1
By (2.10), there exists an ro > 0, such that for any s € (0,7¢), V(2,1/s) > ¢,s2. By
(1.7) and v > n, for s € (1, 1]
V(x, 1) 1\ 1\ 1\, 1w .
) < po(—=) (—=) <Do(—=) (= <Cp,s?
Viz,/5) = 0(\/5) <\/§) = 0(\/5) (ro) = tnpd
Therefore
V(x,/s) > Cp,min(d,1)s?, VOo<s<l1.

(2.20)
It follows from (2.20) and [3, Lemma 2.1] that

(/ Ky o, y)dpaly ”1'<C/+Oo /e s

M\W
=

([ #s)duty)” ds
p(z,y) >k

3

2

oo ETS ' % (zy
SC’/ teft/ £ sz / e~ S(SV)d
V(LE, \/g) ( p(z,y)>k ( )>

e

dsdt
+oo . s~ %5 2
< - —— ¢ 10sdsdt
o, e
+oo . 1 2 s . 2
<Cpnp——Fc te” T4 g 27 2pe” 10s dsdt.
- ’mln{§,1}/0 6/0648 ¢ as
In a way Similar to the estimate of (2.17), we have
o 1
kY au(y))” < Cpmy———yw'F
([ Hawniut))” < Cprusmrsrrs
By (2.19),
[Ts e F(@)] < Cp—ree 5 (221)
P, .
1,00 p,n,v mln{(5 1}
Let k > 0 be selected such that
1 n 1 n
A=C n,v =% = C n S
bt min{&l}ﬁ ! . min{é,l}ﬁ
Then
K= Cpn A7 (2.22)
and (2.14) is obtained from (2.15), (2.18), (2.21) and

(2.22). The lemma is proved.

Holder’s inequality,
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Thus
27l < swp { [ Wit} 151 (223)
zeM

By Mincowski’s inequality, we have

(/kr( )d)% 1 ° t2 3( H( )d)%dd
x,y)dy S—/ e s 2 / "(z,y,s)dy ) dsdt.
Mo V7 Jo M

Since V(z,+/s) > V(z,1) > 6 for s > 1,

(/M HT'(%%S)du(y))% < C.

(/ kS (z,y)du(y "< Cg/ / ~5 s~ dsdt < Cs.

Combining the above with (2.23), we get the lemma.

Therefore

Proof of Theorem 1.1. By Theorem 2.1 and Theorem 2.2, we get the sufficient part
of Theorem 1.1. Now let f(y) = max{t — p(x,y),0}. Then

1

171e = (5)V (25)" Iy <tVE0E 1951, < Viwo)s,

2

Hence
1 1 t
Viz,t)s " >Chpo——r>,  Yt>0. 2.24

(z,t) = Mgy > ( )

Thus it follows from (2.10) and (2.24) that
t
G >0 —— Vi< 1.
pq) > P47 n e <K

This means that £ — L < %

—_—R

Choosing t = 1 in (2.24), we get V(z,1) > C), 54, V& € M. Therefore inj& V(z,1) > 0.
faS]

And we get the necessary part of Theorem 1.1.
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