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In this paper, we study Randers metrics with quadratic Riemann curvature as in the
Riemannian case. We find equations that characterize R-quadratic Randers metrics. In
particular, we show that R-quadratic Randers metrics must have constant S-curvature.
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1. Introduction

Finsler metrics are Riemann metrics without quadratic restriction. For a Finsler
metric F = F(x,y), its locally minimizing curves are characterized by a system of

d?a? dx
26 2, M) =
e G( dt) 0,

differential equations:

where the local functions G = Gi(x,y) are called the spray coefficients. If
F = /gij(z)y'y? is Riemannian, then G' = %F;k(x)yjyk are quadratic in y €
T, M. This quadratic property is crucial in the regularity of the exponential map
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exp, : IzM — M at the origin of T, M. Namely, exp, is C* at the origin
0 € T, M at any point z if and only if the spray coeflicients of F' are quadratic
iny € T, M at any point . There are non-Riemannian metrics whose spray coeffi-
cients still have this quadratic property. Finsler metrics with this property are called
Berwald metrics. 1t is known that every Berwald metric has the same geodesics as
a Riemannian metric [11]. Thus Berwald metrics can be identified with Rieman-
nian metrics at geodesic level. The Riemann curvature is a family of linear maps

R, =R, 2 ®da* : T,M — T, M, given by

oG PG PG GG

i == 2— - -~ 1 - -~ 1 T T T~ 7
R ok Y Ox Oyk + Oy oyk  Oyi Oyk

From the above formula, one can see that if F' is a Berwald metric, then R’ B =
R, (z,y) are quadratic in y € T, M. Finsler metrics with such curvature property
are called R-quadratic metrics. The notion of R-quadratic metrics is weaker than
that of Berwald metrics. If a Finsler metric is of zero flag curvature, then it is a
R-quadratic metric. If, in addition, it is not locally Minkowskian, then it is not
Berwaldian. See Example 1.1 below.

Our goal is try to understand Finsler metrics whose Ricci/Riemann curvature
has the quadratic property as Riemannian metrics. In general, it is a quite difficult
problem. Thus we start with Randers metrics.

A Randers metric on a manifold is a Finsler metric in the form F = a + (3,
where a = /a;;(z)y’y’ is a Riemannian metric and 3 = b;(z)y’ is a 1-form with
18z]la == v/a¥(x)b;(x)bj(z) < 1. By the main theorem in [7], any R-quadratic
Finsler metric on a closed manifold must be a Landsberg metric. On the other
hand, a Randers metric F' = a+ (3 is a Landsberg metric if and only if 3 is parallel.
In this case, it must be a Berwald metric. Thus we get the following

Theorem 1.1. Let F = a+ [ be a positively complete Randers metric on a man-
ifold. Then F' is R-quadratic if and only if it is a Berwald metric.

Let V3 = b;;y'da’ denote the covariant derivatives of § with respect to .

1 i
_(bi|j - bj\i); S5 1= b Sij-

1
Tig 2= §(bi|j +bjii)s  sij o= 5

We denote s’ ;= a*si;. For a tensor with coefficients 7'..;; in local coordinates,
we denote T'..;0 :=T...;;47 and T..q0 := T...;;y'y’, etc. We have the following

Theorem 1.2. A Randers metric F' = o+ § on a manifold is R-quadratic if and
only if

700 + 2503 = 2c(a® — %),

202", — a2, ) — D pajry! =0, (1.2

—_
~— —

where @ijk = sij‘k — (2csj + *bj + sms”})éi and ¢ = constant.
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If a Randers metric F' = o« + (8 satisfies (1.1) and (1.2), then the Riemann

curvature of F' is given by

R') = R') +3s"ys10 — (s',,8"a? — s', s"bary?) + Wob) — Uiy (1.3)
where Uy, := 302aj;€yj —ﬂc2bk+sosk+2so‘k—sk|0—603k0. Clearly, Rik are quadratic
inyeT, M.

In [1], Bacso-Matsumoto also study R-quadratic Randers metrics. But [1,
Theorem 1] is inconsistent with Theorem 1.2 above. Bacso-Matsumoto’s arguments
are based on Matsumoto’s paper on Randers metrics of constant curvature [5].
However, there is a gap in Matsumoto’s arguments and the conclusion in [5] is
wrong. The mistake is corrected in [2]. However, the sufficient condition in [1,
Theorem 1] is still true. See Corollary 1.3 below.

Corollary 1.3. Let F = a+ (8 be a Randers metric. If
Tij = 07 S5 = 07 slj|k = 07 (14)
then I is R-quadratic.

It is difficult to solve the differential equations (1.1) and (1.2). Equation (1.1) is
equivalent to that F' has constant S-curvature, S = (n + 1)cF [4]. We can express
a Randers metric using navigation data as follows [8],

o VIR (WEWE = .7 W)

1= W3 L= W
where h = /h;;(z)y’y7 is a Riemannian metric and W = W* 8% is a vector field;
Il - |l» and {,); denote the norm and inner product on 7, M induced by h. Accord-
ing to [10], the S-curvature condition S = (n + 1)cF is equivalent to that W is
homothetic, i.e. W;,; + Wj,; = —4ch;;, where W; := hijo and W;.; denotes the
covariant derivative with respect to h. By taking a Killing vector field W = zQ + b
on the Euclidean space with h = |y|, we obtain a Randers metric with vanishing

(1.5)

flag curvature and vanishing S-curvature. In particular, it is R-quadratic.

Example 1.1. Consider the following Randers metric defined nearby the origin
in R™.

po VP = (2QPyF — (y,2Q)*)  (y,2Q)
' 1—[zQf? 1—[zQf*’
where Q = (g;') is an anti-symmetric matrix. Then F' satisfies (1.1) and (1.2) with
¢=0. In fact, R’, = 0 but F is not a Berwald metric when @ # 0. This is a special
example in the class of Randers metrics of zero flag curvature [3].

There are two weaker notions than R-quadratic metrics. The first one is the
notion of Ricci-quadratic. We obtain a similar theorem that characterizes Ricci-
quadratic Randers metrics. See Theorem 2.2 below. The second one is the notion
of W-quadratic. We also obtain a similar theorem that characterizes W-quadratic
Randers metrics. See Theorem 4.2 below.
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2. Ricci-Quadratic Metrics

First let us recall a formula for the Riemann curvature of a Randers metric F =

a+ 3, where a = /a;;(z)y'y? and 8 = b;(z)y’. Let

R m . m X _ m
qij = TimS 5, tij = SimS ;, tj =0 tij = SmS ;.
J J J J

Here and thereafter, we use a;; to raise and lower the indices of tensors defined by

b; and b;j;. Let yi := a;ry’. Thus yo = 2. We have the following
¥ J

Lemma 2.1. Let F' = a + (3 be a Randers metric on a manifold M. Then the

Riemann curvature of F is given by
R', = R}, + Ay'yr, + By'by, + O5"),
. . . a2 . .
+t gy — a?tty, + 35" ysko + Ftkyl - Fsoskoyl

- 2—aqkoyi — Zqory’ + 20 gy — sty — Ly Yk
F F 0|k k|0 a 0]0

o i 2a P ;1 i
+ F5kI0Y" — FSolkY + 7 00lkY — FTRoj0Y
where
2 1 2
— _ t . -
A <F2 F)O <F2+F )QOO
1 3 , 1
+ g S0l 4F3a(r00 2as0)” + m(romo — 2a80)0),

202 2c 3 1
B:= Sz to — Zadoo — m(roo — 2as0)” + W(TOO\O = 2as0)0);

2a2 200 3 1
C = —?to + % o0 + m(roo — 2as0)” — ﬁ(TOO\O — 2as)o)-

The formula (2.1) is not explicitly given in [2], but they have done all the

computations.

By Lemma 2.1, we can easily get a formula for the Ricci curvature Ric = R",.

. 1
Ric = W{—4tkka4 + 8(—th B + Sk0|k)a3 —8(n — 1)t

+ [4(n — 1)(soj0 + 2q00 — 2t0/3 + 3s)

+4(=t"0” + Ric + 45k0|kﬁ — 2tg0)]a’

+ [(n = 1)(=2ro0j0 — 1250700 + 48500 + 8q00/3)
+85%),87 + 8Ric — 16top

—2(n — D)rgojoB + 3(n — 1)rdy + 4RicB? — 8tpo5°},

where Ric := R, denotes the Ricci curvature of a.
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Let
) 1
Ag 1= 2cs + b+t + 3¢k
Wy, 0 = 3c?yp, — ¢®Bby, + 2Bc — coby, + S0k + 280/; — Skjo — 6CSko-

Theorem 2.2. Let F'= a+ [ be a Randers metric on an n-manifold. Then it is
Ricci-quadratic if and only if

ro0 + 25083 = 2¢(a” — 57), (2.3)
skO\k = (n —1)Ao, (2.4)

where ¢ = c(x) is a scalar function. In this case,
Ric = Ric — 2ty — t*,a% + (n — 1)¥,. (2.5)
Proof. Assume that F' is Ricci-quadratic, that is, Ric is quadratic in y € T, M.
Then (2.2) is equivalent to the following two equations.
1
2[s%y, — 4,6 — (n — Dto]a® + (n — 1) —5"oojo + 2q003 — 3soro0 + Bso)o

+ 2sk0‘kﬂ2 — 2Ricf + 2RicB — 4tgo3 = 0, (2.6)
—t”“ka4 + [(n — 1)(80|0 + 2qoo — 2to3 + 38(2)) — 2too + Ric + 4Sk0‘kﬁ

1
— Ric — ¥, %] + Z(n — 1)(—=2rgoj08 + 3150)
+ Ricf? — 2tg08% — Ricf? = 0. (2.7)

(2.6) x B — (2.7) yields

—@(roo +2500)% — (a? — ) {—th.a® + 23k0‘kﬂ

+ (n —1)(2g00 + Sojo + 3s3) — 2too + Ric — Ric} = 0. (2.8)

Thus there exists some scalar function ¢ = ¢(x) such that (2.3) holds. By (2.3), we
have

Toojo = —2050j0 + 4558 + 8csof* + (2co — 4eso — 83¢%) (o — 5%),  (2.9)
qoo = —s3 — to3 — 2cs0f3- (2.10)
Then the Ricci curvature becomes
Ric = Ric — 2tg0 — t5,0% + (n — 1)(3c%a® + s§ — 2% + Beo + soj0)
+2{s"y — (n = DAo}a. (2.11)

Since Ric is quadratic in y, we see that the coefficient of o must be zero, that is,
(2.4) holds. Then (2.11) is reduced to (2.5). O
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3. R-Quadratic Metrics
Now we can simplify the formula (2.1) for R?, under the condition (2.3).
R, = R', +3s'ysp0 — (t'1.02 — t'oyr) + Todh — Upy'
+at {(2042@% —a?®ly — D oyr) + g(a%k — coyk)yi} , (3.1)
where <I>ijk = sijlk — A;61.
By (3.1), we obtain the following

Lemma 3.1. A Randers metric F' = a + [ is R-quadratic if and only if

oo + 2508 = 2¢(a? — 3?), (3.2)
2di 2d&i i 3. 5 _ i
(207@% ), — a ') — DoY) + 2(& ek — coyr)y' =0, (3.3)

where ¢ = ¢(x) is a scalar function. In this case
R', = R} +3s'gspo — (t',0% — t'yyx) + Wooh — Uy’ (3.4)
We shall show that ¢ = ¢(x) in (3.2) is actually constant.
Lemma 3.2. If F = a+ 3 is R-quadratic, then ¢ = constant.
Proof. Contracting (3.3) with y; yields
3
—(Aoyr — & Ar) — sojo + §(a20k — coyx) = 0. (3.5)
We get
i i 240y S 2 i
%00 = (Aoy’ — A)—§(a ¢ —coy'). (3.6)
Plugging it into (3.3) yields
?{(2" g1 = 8"4jo) — (2A400) — Ary’ — A'yx) + S (cky’ + 'yi)} = Boyry’.

Clearly, ¢o = 0. Thus ¢ = constant. O

4. W-Quadratic Metrics

Let Ry = Rik aii ® dz* denote the Riemann curvature of a Finsler metric F. Let

, , . R™
Alk = le_R(S;;:, R:: n—ml
Then the (projective) Weyl curvature W, = Wi, aii ® dz* is defined by
1 0A™

Wik = Aik —

n+1 Bymy
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A Finsler metric with W quadratic in y is said to be W-quadratic. Note that if R?,
are R-quadratic, then W' are quadratic in y. Namely, every R-quadratic Finsler
metric must be W-quadratic. Thus it is a natural problem to study W-quadratic
Finsler metrics.

First we recall a formula for the Weyl curvature.

Lemma 4.1 ([9]). For a Randers metric F = a + (3,
Wi, = W + 35" gsko + ' gye — @t

1 . )
+ m{(?too + athm)élk — (2tgo + ", yK)y'}
+o¢1{(2a23i0k - ozzsik‘o — sio‘oyk)

200~ S — %50
where W', denote the Weyl curvature of .
By Lemma 4.1, we immediately obtain

Theorem 4.2. Let F = o + [ be a Randers metric on an n-manifold. It is
W -quadratic if and only if

, , , 1 .
20‘25l0|1~c - O‘2Slk\0 - 3l0|0yk = m{%‘?sﬂé\m&;@ o\myky a’s k\my }.
(4.1)
We have the following corollaries.

Corollary 4.3. Let F = o+ 3 be a Randers metric on an n-manifold. If
1 m
Sijle = =710k jjm — ajkS"m ) (4.2)

then it is W-quadratic.

Proof. It follows from (4.2) that

SlO\k = m{dllcs%hn - yk3m1|m}7

, 1 , ,
31k|0 = m{ylsnfqm - Z/ksm\m},

2 mi
O\m - |m}

510\0 =
Then (4.1) holds. m|

Corollary 4.4. If (3.3) holds, then F is W-quadratic.
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Proof. It follows from (3.3) that

Ay =

m
—QS .
n—1 k|lm

Then (3.3) can be written as (4.1). m|

Finally, we make the following

Conjecture 4.5. Let I' = a+ (3 be a Randers metric on a closed manifold. If it is
W-quadratic, then ( is parallel.
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